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BAKER’S CONJECTURE FOR FUNCTIONS WITH REAL 

ZEROS 

D. A. NICKS, P. J. RIPPON, AND G. M. STALLARD 


Abstract. Baker’s conjecture states that a transcendental entire function of 
order less than 1/2 has no unbounded Fatou components. It is known that, 
for such functions, there are no unbounded periodic Fatou components and so 
it remains to show that they can also have no unbounded wandering domains. 
Here we introduce completely new techniques to show that the conjecture 
holds in the case that the transcendental entire function is real with only real 
zeros, and we prove the much stronger result that such a function has no 
orbits of unbounded wandering domains whenever the order is less than 1. 
This raises the question as to whether such wandering domains can exist for 
any transcendental entire function with order less than 1. 

Key ingredients of our proofs are new results in classical complex analysis 
with wider applications. These new results concern: the winding properties of 
the images of certain curves proved using extremal length arguments, growth 
estimates for entire functions, and the distribution of the zeros of entire func¬ 
tions of order less than 1. 


1. Introduction 

Let / : C —>■ C be a transcendental entire fnnction and denote by /"■, n = 
0,1, 2,... , the nth iterate of /. The Fatou set F{f) is the set of points z E C snch 
that (/")„eN forms a normal family in some neighborhood of 2 ;. The complement 
of F{f) is called the Julia set J{f) of /. An introdnction to the properties of 
these sets can be fonnd in [ 1 ]. 

Baker’s conjectnre, arising from his paper [3] in 1981, is that the Faton set has 
no nnbonnded components whenever the order of the fnnction is less than 1/2, or 
even whenever the function has order at most 1/2, minimal type (see Section 2 for 
dehnitions). It is known [21j that such functions have no unbounded periodic or 
preperiodic Fatou components but it remains open as to whether such a function 
can have an unbounded wandering domain, that is, an unbounded component U 
of the Fatou set such that f"'{U) fl /’"(U) = 0 for n 7 ^ m. Note that |3] gives 
examples of functions of order 1/2 with unbounded periodic Fatou components. 

Many authors have shown that Baker’s conjecture holds provided some regularity 
condition is imposed on the growth of the maximum modulus but, without any 
such condition, it is not even known whether the conjecture holds for all functions 
of order zero. The strongest results in this direction are given in [TTj and in [T 8 ] . 
A survey of earlier work on this conjecture appears in [TB]. All these papers used 
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properties of the minimum modulus to show that, under certain conditions, the 
images of certain curves must stretch radially. 

The paper [12] introduced a new approach to the problem, showing that, for 
a certain class of functions, if these image curves do not stretch radially, then 
they must wind round the origin repeatedly. This led to the hrst result on 
Baker’s conjecture for functions of positive order requiring no restriction on the 
regularity of the growth, namely, that the conjecture holds for a transcendental 
entire function of order less than 1/2 which is real (that is, it takes only real 
values on the real axis) and has only negative zeros. 

This new approach to Baker’s conjecture requires a detailed understanding of 
the influence of the zeros of the function on the images of curves. Even the 
apparently straightforward generalisation of allowing the zeros to lie anywhere 
on the real axis requires much more sophisticated arguments than were used 
in [19], where repeated use was made of the fact that, when the zeros of / are 
all negative, \f{re^^) \ is strictly decreasing for 0 < 0 < n, for any r > 0. 

In this paper we prove several new results in complex analysis which enable us 
to make this generalisation and, more surprisingly, enable us to show that such 
functions have no orbits of unbounded wandering domains whenever the order is 
less than 1. 

Theorem 1.1. Let f be a real transcendental entire function of order less than 1 
with only real zeros. Then f has no orbits of unbounded wandering domains. 

As stated earlier, it is known that functions of order at most 1/2, minimal type, 
have no unbounded periodic Fatou components. For such functions, the mini¬ 
mum modulus function is unbounded (see, for example, [23] p.274]) and so the 
image of any unbounded continuum is also unbounded. Hence we have the fol¬ 
lowing corollary to Theorem 11.11 

Corollary 1.2. Let f be a real transcendental entire function of order at most 
1/2, minimal type, with only real zeros. Then f has no unbounded Fatou com¬ 
ponents and hence Baker’s conjecture holds. 

The proofs of all earlier results on Baker’s conjecture made crucial use of the very 
strong minimum modulus properties of functions of order less than 1/2, and the 
proof of Theorem 11.11 requires a number of new results concerning properties 
of functions of order less than 1. Note that there are examples of functions of 
order 1 with orbits of unbounded wandering domains - for example, the function 
dehned hy f{z) = z — 1 -|- 27ri has this property as shown by Herman [TT] 

- but no examples are known of functions of order less than 1 which have this 
property. Our result suggests the following. 

Question Is there an example of a transcendental entire function / of order 
less than 1 with an orbit of unbounded wandering domains? 

This question adds a new perspective to the body of work seeking to identify 
classes of functions for which there are no wandering domains. This work began 
with the famous paper of Sullivan [22] which introduced the idea of quasicon- 
formal deformations to the area and showed that rational functions have no 
wandering domains. Many subsequent papers show that Sullivan’s techniques 
can be extended to a number of classes of transcendental entire functions and all 
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papers ruling out wandering domains involve an analysis of the singular values 
of the function. Our result does not rule out bounded wandering domains, and 
indeed these can exist for functions of arbitrarily small growth; see [12] . It does, 
however, provide a new approach for ruling out orbits of unbounded wandering 
domains. 


One of the most recent papers concerning the absence of wandering domains 
is [15] by Mihaljevic-Brandt and Rempe-Gillen, who prove that wandering do¬ 
mains do not exist for many functions in the Eremenko-Lyubich class B (consist¬ 
ing of transcendental entire functions for which the set of hnite singular values is 
bounded). As an application, they show that there are no wandering domains of 
functions in class B which have order less than 1 and are real with all their zeros 
on the negative real axis. So, for example, the following families of functions 
have no wandering domains: 


f{z) = A cos Vaz + b, f{z) 


A 


sin y/az + b 
y/az + b 




where A, a, b are real, with a, A 7 ^ 0. 

Our result complements this by using a completely different approach to show, 
for example, that the following families of functions have no orbits of unbounded 
wandering domains: 


( 1 . 1 ) 


f{z) = p{z) cos y/az + b, 


f{z) = p{z) 


sin y/az + b 
y/az + b ’ 


where a, b are real, with a 7 ^ 0 , and p{z) is a real polynomial with only real zeros. 
Such functions belong to class B only when p{z) is a real constant. These classes 
include the function of order 1/2 dehned by f{z) = {z/2) cos y/z, which has an 
unbounded attracting invariant Fatou component but, by Theorem 11.11 has no 
orbits of unbounded wandering domains. 

Remarks 

1. The examples in fll.ip have only real zeros, all but hnitely many of which he 
on either the positive or the negative real axis. Nevertheless, these functions are 
not covered by the results in [T9] . 

2. Theorem 11.11 does not exclude the possibility that / has an unbounded wan¬ 
dering domain whose forward orbit consists eventually of bounded Fatou compo¬ 
nents. However, the proof shows that for this class of functions such a wandering 
domain can occur only if 0 lies in the orbit of wandering domains. In fact it also 
shows that for these functions unbounded periodic Fatou components can only 
occur if 0 lies in the periodic cycle. 

3. In [19] it was shown that the functions considered there have the property 
that the escaping set 


I{f) = {z : f"'{z) —)■ 00 as u —)■ 00 } 

forms a connected set (with a structure called a spider’s web) and so satishes 
Eremenko’s conjecture [9] that for any transcendental entire function / the com¬ 
ponents of /(/) are all unbounded, in a strong way. The winding results obtained 
in this paper allow that result to be generalised, but such generalisations will be 
left until later work. 
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The structure of this paper is as follows. In Section 2, we state two new results, 
Theorems 12.11 and 12.21 concerning the winding of image continua and deduce 
from these a further result, Theorem 12.41 which shows that the images of certain 
continua must stretch radially or wind round the origin. In Section 3 we deduce 
Theorem 11.11 from Theorem 12.41 

We prove Theorems 12.11 and 12.21 in Sections 5 and 7, respectively. For both these 
theorems we need several results that relate the behaviour of the maximum 
modulus and the minimum modulus of /, which are deduced in Section 4 from 
a fundamental estimate of Beurling. Theorem 12.11 is proved using an extremal 
length argument applied to log/, which is univalent in the upper half-plane for 
the functions considered here and in fact for all functions in the Laguerre-Polya 
class. Theorem 12.21 is proved using a new result concerning the location of the 
zeros of functions of order less than 1 , which may be of independent interest. 
This result is proved in Section 6 using estimates for the minimum modulus due 
to Cartwright. Note that Theorem 12.21 is needed only for the case of functions of 
order at least 1/2 with 0 ^ F{f). 


2. Winding of image curves 


We begin this section by stating two new theorems which show that, for entire 
functions of the type covered by Theorem 11.11 the images of certain continua 7 
must wind many times round the origin. These play a key role in our proof of 
Theorem 11.11 We note that for our present purposes it would be sufficient to 
prove these results in the case when 7 is a curve rather than a continuum, but 
we state these theorems for a continuum because of possible future applications. 

We first introduce some notation. We define the maximum and minimum mod¬ 
ulus of an entire function / by 


M(r) = M(r, /) = max \f{z)\ and m{r) = m{r, /) = min |/(^)|, for r > 0 , 

\z\=r \A='^ 


and the order p = p{f) of a transcendental entire function / by 

log log M(r,/) 

p = hm sup-^-. 

r^oo log r 


Dehning a by 


a = limsup 

r^oo 


log M(r) 

fp 


we say that the growth of / is of minimal type if a = 
and maximal type if a = cxo. 


0 , mean type if 0 < a < cxo 


We recall the following version of Hadamard convexity: for a transcendental 
entire function /, there exists a constant Rq = Ro{f) > 0 such that 


( 2 . 1 ) M{F) > M{ry, for r > Ro, c> 1; 

see [IHl Lemma 2.1]. Throughout the paper Rq denotes the constant in fl 2 .ip . We 
also recall the well-known property of any transcendental entire function that 

log M(r) 


( 2 . 2 ) 


logr 


^00 as r —>■ 00 . 
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Next, for r > 0, we write C(r) = {z : \z\ = r} and, for 0 < ri < r 2 , we write 
= {z : ri < \z\ < r2} and 74 (ri,r 2 ) = {z : Vi < \z\ < r2}. 


Finally we introduce notation associated with the winding of image curves. If 7 is 
a plane curve with an associated parametrisation and 7 meets no zeros of /, then 
we denote the net change in the argument of f{z) as 2 ; traverses 7 by Aarg/( 7 ). 

If 7 is a continuum (that is, a nontrivial, compact, connected subset of C) hav¬ 
ing the property that all the zeros of / lie in the unbounded complementary 
component of 7 , and if zq, Zq is any pair of distinct points in 7 , then we de¬ 
note the net change in the argument of f{z) as z traverses 7 from zq to Zq by 
Aarg(/( 7 ); zq, Zq). This quantity is defined by choosing 

• any simply connected domain, G say, that contains 7 but no zeros of /, 

• a branch, g say, of log / in G, 

and putting 

(2.3) Aarg(/(7); 2 : 0 , 4) = ^(^(4)) “ ^(^(^o))- 

Note that in the case when 7 is a simple arc with endpoints zo and z^ that meets 

no zeros of /, then we have Aarg(/( 7 ); zq, 2 : 0 ) = Aarg(/( 7 )). 

We now state our first result concerning the winding of the images of certain con- 
tinua under a function / that satishes the hypotheses of Theorem 11.11 Roughly 
speaking, this result states that if |/| is neither too large nor too small on a 
continuum 7 that lies in the upper half-plane and crosses a sufficiently thick 
annulus, then the image of 7 must wind many times round 0 . 


Theorem 2.1. Let f be a real transcendental entire function of order less than 2 
with only real zeros, and let s and a be positive real numbers such that 


(2.4) 


64 SOvr 

s > Rq and log s > —^7 + 

-,Z 


a 

If j is any continuum in {z : Q’z > 0} that meets both C{s) and with 

(2.5) 1/M(s) < \f{z)\ < M{s), for z e 7 , 

then there exist a continuum T C 7 fl 24(s, s^’''“) and Zq, Zq G F such that 


Aarg(/(r); 2(0,4) > ^(4 logsT 


Theorem 12.11 is a generalisation of a similar result proved in [T9l Theorem 2 . 1 ] 
in the case that all the zeros are negative and the continuum 7 is a level curve 
of /. The proof here is, however, very different to the one given in that paper 
since we can no longer assume that |/(re*®)| is strictly decreasing for 0 < 0 < tt, 
for any r > 0, and it uses extremal length together with an estimate of Beurling. 
We describe the estimate of Beurling and some of its consequences in Section 4, 
and recall the notion of extremal length and prove Theorem 12.11 in Section 5. 

Our next theorem concerning the winding of the images of certain continua under 
a function / satisfying the hypotheses of Theorem 11.11 is completely new and is 
required to deal with a situation that we do not need to consider for functions 
of order less than 1/2; see [T^ Theorem 2.2]. Roughly speaking, the following 
theorem states that if |/| is not too large on a continuum 7 that lies in the upper 
half-plane and crosses a sufficiently thick annulus, and / takes a very small value 
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at a point on 7 near the outer edge of the annulus, then the image of 7 must 
wind many times round 0. 

Theorem 2.2. Let f be a real transcendental entire function of order p < I with 
only real zeros. There exist Ki = Ki{p) > 2 and Ri = Ri{f) > Ro such that, if 

L > Ki, > Ri 

and 7 is any continuum in {2; : > 0} that meets both and C{s) with 

(2.6) \f{z)\ < for ^ e 7, 


and 


l/(^')l < 


for some z' G 7 fl {z : < 


then there exist a continuum F C 7 fl , s) and Zo,Zq eT 

Aarg(/(r);zo,2:o) > logM(s^/-^). 


such that 


In order to prove Theorem l2.2l we obtain the following result, which gives a fairly 
precise statement about the location of the zeros of an entire function of order 
less than 1 whose minimum modulus is relatively small on a long interval, and 
which may be of independent interest. Note that this result does not hold in the 
case a > 1, as shown by the exponential function. 

Theorem 2.3. Let f be a transcendental entire function with /(O) = 1. Suppose 
that, for some R > e^^, there exists 0 < a < 1 such that 

log M(r) < r“, for r > 

If 

logm(r) < - log M(r), forr G {R/A, R/2), 

then 

zo i — a 

where n{r) denotes the number of zeros of f in {z : \z\ < r}, counted according 
to multiplicity. 


We prove Theorem 12.31 in Section 6 and then Theorem 12.21 in Section 7. 

We conclude this section by using Theorems 12.11 and 12.21 to prove the following 
theorem showing that the images of certain continua must stretch radially or 
wind around the origin. This result plays a key role in the proof of Theorem ll.il 

Theorem 2.4. Let f be a real transcendental entire function of order p < 1 with 
only real zeros. Let 

(2.7) iF2 = iF2(p)=max{iFi,28}, 

where Ki = iFi(p) is the constant in Theorem \2.A. and R 2 = 7?2(/) satisfies 

(2.8) i ?2 > exp(320)} and log M{R 2 ) > 271, 

where Ri = Ri{f) is the constant in Theorem \2.A If L and t satisfy 

(2.9) L > K 2 , t^!^ > i?2, 
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7 is any continuum in > 0} that lies in A{t^/^,t) and meets both 

and C{t), and 

S = max|/( 2 ;)|, 

zG-f 

then at least one of the following must hold: 

(1) /( 7 ) meets both and C{S), and S > 

( 2 ) f l'j) meets both 0(3^^andC{S), and 

S = where 0 < e < ; 

Vlogt 

(3) there exist a continuum F C 7 and Zq, ; 7 o ^ F such that 

Aarg(/(F);2;o,4) > logM(t^/^) > 27r. 


Proof. Suppose that /, L and t satisfy the hypotheses of the theorem. 
We consider two separate cases. 

(a) First, suppose that 

(2.10) S = for some £ e [0,1 — l/L]. 

Then case (1) must hold if there exists 2 ; G 7 with \f{z)\ < 1, since 

5 = > M{t^/^) > 1 , 

by fl 2 . 8 p and the fact that > i? 2 - 
If l/(^)l > 1 for all ^ G 7 , then there are two possibilities. 

(i) If £ < 10/\/logt, then case ( 2 ) holds since, by ( 12 . Ih . 


(ii) If £ > 10/i/Iog t, then we claim that we can apply Theorem 12.11 to 7 with 
s = and = t. Clearly fl2.5p holds. To show that fl2.4p holds, we note 
that a = e/{l — e) and so, by 02.911 . 02 .7p and ( 12 . 8 p . 

64 807r 64(1-£)2 807r(l - e) 


+ 


< 


/ 64 807r r -\ 

I -logt H-^logt ) (1 — e) 

Vloo ^ 10 ^ ^ y ^ ^ 

(1 -e) logt 


64 ^ 87r 

Too ^ Vibp. 

< (1 — £) logt = logs, 

as required. 

Thus it follows from Theorem 12.11 02.Op . 02.7p . 02. 8 p and O 2 . 10 p . together with 
the facts that s“ = P and 

elogt > lO-y/logt > lOvr, 

that there exist a continuum F C 7 and zo,Zq eT such that 

Aarg(/(F);2;o,2;o) > lQg(^ ) > iogM(f^/-^) > 27r. 


Thus case (3) holds. 
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(b) Now suppose that (12.101) does not hold and so 
(2.11) \f{z)\ < ioT z e'y. 

There are two possibilities. 

(i) If 

1 


l/(^)l > 


for 2 ; e 7 n {z : < |z| < f}, 


then, by fl2.1ip . we can apply Theorem 12.11 with s = and = f, pro¬ 
vided fl2.4p holds. This does hold since a = — 1 > 1, by fl2.7p . and 

logs = log(f^'^^^^*) > log(f^'^^) > 320 >64-1- SOvr > ^ 

a"* a 

by fl2.9p and fl 2 . 8 p . 

Thus, by Theorem 12.11 and (12. 8 p . there exist a continuum T C 7 and 2 : 0 , ^0 ^ ^ 
such that 


Aarg(/(r);zo,4) > 


log M (s) log s“ 

l(h? 

logM(f^/^^^*) logs 

l(h^ 

> logM(fi/^) > 27r. 


> 


Thus case (3) holds, 
(ii) If 

\fiz')\ < 


-, for some z' € 7 fl {z : < |z| < t}, 


then it follows from Theorem 12.2[ with s = t, and (12.81) that there exist a con¬ 
tinuum T C 7 and zo,Zq eT such that 

Aarg(/(r);zo, 4 ) > \og > 27i. 

Thus case (3) holds. □ 


3. Proof of Theorem 11.11 

In the proof of Theorem 11.11 we use the following standard distortion theorem 
for iterates in escaping Fatou components; see [H Lemma 7]. 

Lemma 3.1. Let f be a transcendental entire function, let U C I{f) be a simply 
connected Fatou component of f, and let K be a compact subset of U. There 
exist C > 1 and N eN such that 

\nzo)\ < C\riz,)l forzo,z, EK,n>N. 

We now give the proof of Theorem 11.11 

Proof of Theorem \1.1[ Let / be a real transcendental entire function of order 
p < 1 with only real zeros and suppose that 7/ is a wandering domain of / 
such that Un is unbounded for all n e N, where Un denotes the Fatou component 
containing f^{U). Since U is wandering we may assume without loss of generality 
that 

(3.1) 


0 ^ Un, for n eN. 
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(In fact this is the only point in the proof where we use the fact that is a wan¬ 
dering domain, so our proof also rules out the existence of unbounded periodic 
Fatou components for which all Fatou components in the cycle are unbounded 
and omit 0.) Note that the Fatou components f/„ are all simply connected since 
they are unbounded; see [ 2 ]. 

We will show that the existence of such a wandering domain U leads to a con¬ 
tradiction, thus proving Theorem 11.11 The idea of the proof is as follows: we 
start with a curve 70 that lies in U and we assume that the curve meets two 
circles of the form C{ry^°) and C(ro), for some sufficiently large values of tq 
and Lq. We then obtain a contradiction by repeatedly applying Theorem 12.41 
to show that either the forward images of this curve must experience repeated 
radial stretching, and so contradict Lemma IXTI eventually, or must wind 

round 0, for some n G N, and hence 0 E Un contradicting the assumption fl3.ip 
about the forward images of U. 

A key fact needed to obtain these contradictions is that the real function / has 
the following symmetry property: 

f{z) = f{z), for z eC. 

This property implies that F{f) is symmetric with respect to the real axis. 

Let K 2 = K 2 (p) and R 2 = R 2 {f) he as dehned in Theorem 12.41 We begin by 
taking 

(3.2) To > 2 K 2 > 2®, /i(r) = 

and then 

(3.3) ro > i? 2 ° > exp(320Lo) 
such that, for r > Tq, 

(3.4) /i(r) > and hence /i"'(r) ^ 00 as n ^ 00 . 

Now suppose that (L„) and (r„) are sequences with the following properties: for 
each n > 0 , either 

(3.5) Ln+i = Lq and r„+i > 
or 

(3.6) Ln+i = Ln{l - En) and r„+i = M(r)j"^'*), 

where 0 < £„ < ^ and m(r) < M(r^“'^"), for <T<rn- 

\/logr„ 

Then we claim that, for each n > 0, 


(3.7) 

This is true for n 


and r^+i > /i(r„). 
0 since, by fl3.2p and fl3.3p . 


(3.8) 


^ ^ 10 ^ 10 10 ^ 1 
° “ \/log ro “ \/320Lo “ \/320 x 2^ 4 


and hence 


3 1 
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SO that, by (13.hh and (I3.6p . 

ri>M = /i(ro). 

Now suppose that 

and rfc+i > for 0 < A; < n. 

Then, by (13.dj) , r^+i > ^"'(ro) > rg®" and so, by (13.bj) , (|3.2p and (|3.3p , 

^ 10 ^ 10 ^ 10 ^1 
“ ^logr„+i ^ “ 4^V320 x 2^ ^ 4^' 

So, by (I3.5P and (I3.6p . r „+2 > p(rn+i). Thus (13Tp follows by induction. 

We note that it follows from (13.71) . (13.51) and (13.Op that, for n > 0, 

n—1 n—1 

Lq> Ln> To (1 — Em) > To 

m=0 m=0 

and so 

(3.9) To/2 < Ln < To, for n > 0. 

Now let 7 o be the curve described earlier and suppose that there exist curves 
■jn C /"'( 7 o) such that, for n > 0 , we have 

(3.10) /( 7 „) D 7 n+i, 

(3.11) 7 „ C ,rn), and 7 „ meets both and C(r„). 

(These conditions formalise what we mean by saying that the images of the 
curve 7 o experience ‘repeated radial stretching’.) 

We deduce, by (I3.10|) . that there is a point z G 'jo such that, for n > 0, 

(3.12) r(^)e 7 n, so |r(^)|>ry^~>(/i"(ro))'/^“, 

by (13.2p . (13.op and (13.7p . Together with (13.4p . this implies that U C /(/). Since 
it also follows from (13.91) . (13.71) . (I3.10p and (13.111) that 

SUp{|/^(z)| :ze-fo} ^ Tn Tn ^ 1-2/Lo 

inf{|/’^(^)| : ^ e 7o} “ rl/^" ~ 

> > /i”(ro)^'^^ —)■ oo as n —)■ cxo, 

we have a contradiction to Lemma EH 

To construct the sequences (T„), (r„) and ( 7 ^) above, we proceed as follows. 
Take Tg and rg to satisfy (13. 3 p and (13.4p . and 70 to satisfy (13.lip . Suppose that, 
for fc = 1 ,..., n, we have chosen curves jk and positive numbers and T^ such 
that (13.lip is satisfied with n replaced by k and, in addition, either (13. 5 p or (13. 6 p 
and also (I3.10p hold, with n replaced by A; for /c = 0,1,..., n — 1. To complete 
the proof we show that we can choose a curve 7 „+i and positive numbers r„+i 
and Ln+i so that (I3.10p and also either (13. 5 p or (13. 6 p hold, and (13.lip holds with 
n replaced by n + 1 . 

To do this we apply Theorem 12.41 with 


1 - 


qm+l 




t = Tn and T = T„, 





























































BAKER’S CONJECTURE 


11 


to a curve 7^ meeting and C{rn)-, chosen such that <Z {z : '^z > 0} 

and 

(3.13) 7;C7nU7:, 

where * denotes reflection in the real axis. 

Note that the hypotheses of Theorem 12.41 are satisfied since Lq > Ln > Lq/2 > 
K 2 {p), by fl3.9p and fl3.2l) . and 

rl/^" > > R2, 

by (132D, (m, dSH) and (O. 

If case (1) or case (2) of Theorem 12.41 holds for 7)^, then the same case holds 
for 7„, by the symmetry of / in the real axis, and so we can choose Ln+i 
and jn+i C fijn) so that they satisfy either 03.51) or 03.6p . 03.101) and also 03.lip 
with n replaced by n + 1, as required. 

Thus, to complete the proof it is sufficient to show that if case (3) of Theorem 12.41 
holds for 7^, then we obtain a contradiction. 

If case (3) holds for 7^, then the image under / of some subcurve of 7^ winds 
round 0 through an angle of at least 27i. Hence, by the symmetry of / in the real 
axis, the Fatou component Un+i that contains also contains a Jordan 

curve that surrounds 0. Since f/„+i is simply connected, it must contain 0. This, 
however, contradicts our assumption fl3.1l) . so the proof is complete. □ 


4. Applications of a result of Beurling 


Many authors have studied the relationship between the maximum modulus and 
the minimum modulus of a transcendental entire function, in particular the fact 
that, in some sense, if the minimum modulus is small, then the maximum mod¬ 
ulus is forced to have large growth; see m Chapter 8] for many such results. 

In our proofs of Theorems 12.11 and 12.21 we need new results of this type, which 
are consequences of the following result from Beurling’s thesis [5l page 96]. For 
any subset E of (0, 00) we denote by mi{E) the logarithmic measure of E\ 



dt 

t 


Lemma 4.1. Let f be analytic in {z : 1^1 < tq}, let 0 < ri < r2 < tq, and put 
E = {t E (ri,r2) : m{t) < /i}, where 0 < p < M(ri). 


Then 

(4.1) 


log 


M(r2) 

F 


>iexp 


^rnYE) 


log 


M(ri) 

T 


We remark that Beurling proved this estimate with the first constant on the right- 
hand side equal to 7r/(4\/2), but for simplicity we use the value 1/2 here. We 
also remark that further applications of Lemma 14.11 were given in [20] and [21] . 

Our first application here of Lemma 14.11 is an estimate for the growth of the 
maximum modulus over an interval on which the minimum modulus is less than 
the maximum modulus to a fixed power less than 1. 
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Lemma 4.2. Let f be a transcendental entire function and suppose that 
logm(t) < (1 — 5) logM(t), forr<t<r^, 
where r > 1, k >1 + 41og2/ logr and 0 < 5 < 1. Then 

logM(r^) > 


Proof. We begin by putting k = 1 + 4 log2/ logr and taking n to be the largest 
integer such that 

< k. 

Note that, by hypothesis, n > 1. 

Then, for 0 < m < n, we put = r'^"'. For 0 < m < n, we apply Lemma [4. II to 
the interval (rm,rm+i) with /i = M{rm+iY~^ to deduce that 

logM(rm+i) > + 1-5) ^ log M(rm) 

( 25 ^-log 4/ logr ^ ^ log ]Vf(r^) 


> 


1-5/2 


log M(r,„). 


Hence 

(4.2) 

Now, 

so 

(4.3) 


logM(r*^) > log M(r„) > 


1-5/2 


log M(r). 


> k, 


n > 


n + 1 log k 


log k 


2 " 2 log A 21og(l + 41og2/logr) 8 log 2 

Thus, by fl4.2p and fl4.3p . 

\ logA:logr/(81og2) 

log M(r) 

— j,-log(l-5/2)logA:/(81og2) 

as required. 


log k log r 


n 


Next we prove a local version of a cos 7rp-type result. (For a description of classical 
cos Trp-type results, see [iQ].) In [20] we used Beurling’s estimate in Lemma ITT] 
to obtain a local result of this type for functions of order less than 1/2. Here 
we need a result that can be applied to functions of order less than 1. In fact. 
Lemma l473] can be applied to functions of any order, and shows that the minimum 
modulus cannot be too small everywhere on an interval in relation to the value 
of the maximum modulus at the upper end of the interval. This result is not 
sharp but it is sufficient for our purposes. 
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Lemma 4.3. Let f be a transcendental entire function, 0 < 5 < 1 and 

/ n \ ^ 

0 < A < ' 


If M{\r) > 1, then 


2(1 + 5 ) 


m{t) > for some t e (Ar,r). 


Proof. If the conclusion is false, then it follows from Lemma HTTl with fi = 1/M(r)^ 
that 


logM(r)^’'''^ > ^ exp [ —) log M(r)‘^ 


' Xr 


t 


This implies that 


(1+ 5) logM(r) > ^y^51ogM(r), 


which in turn implies that A > (^ 2(i+<5) ) • This, however, is a contradiction. □ 


5. Proof of Theorem 12.11 


The proofs of Theorems 12.11 and 12.21 both use the notion of extremal length and 
we begin this section by summarising some of the key results about extremal 
length that we use. For more details see, for example, [T]. 

Let n C C be a domain and let T be a collection of rectihable arcs in hi. For a 
Riemannian metric p\dz\ on 12, each 7 G F has a well-dehned length 


T(7,p) = / p\dz\ 

and 12 has a well-defined area 

R(12,p) ~ JJ P^dxdy. 

We put 

L(F,p) = inf L(7 ,p) 

7€r 

and dehne the extremal length of F in 12 to be 

Aq(F) = sup———, 

p A\yt^ p) 

where the sup is taken over all p such that 0 < R(12, p) < 00. 

The following key results about extremal length can be found in [H pages 50-53]. 


Lemma 5.1. Let 12 C C 5e a domain and let T be a collection of rectifiable arcs 
infl. If F is a conformal map on 12, then An(F) = Ai7’(n)(P(F)). 

Lemma 5.2. Let 12 C C 6e a domain and let F and F' be collections of rectifiable 
arcs in fl. If every 7 G F has a subarc 7' G F', then Ao(F) > Ao(F'). 
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These two lemmas can be used to give the following distortion theorem for con¬ 
formal mappings, which is used in the proof of Theorem 12.21 Roughly speaking, 
this result states that if a quadrilateral is ‘long and thin’ in a certain sense re¬ 
lated to one choice of opposite sides, then its image under a conformal mapping 
cannot be long and thin with respect to the other choice of opposite sides. The 
result is of independent interest and may be known, but we are not aware of a 
reference. 


Lemma 5.3. Let Q be a quadrilateral, that is, a Jordan domain together with 
four boundary points that divide dQ into two pairs of opposite sides a, a' and 
(3,(3'. Let cj) be conformal on Q and let a, b, A and B be positive constants such 


that 




(5.1) 

\ifiz' - 

^z\ > a 

, for z G a, 7 G a', 

(5.2) 

37 — 32; < b, for z & (3, 7 G (3', iftz = 3fJ7, 

(5.3) 

< A, 

for w 

G (((a), w' G 0(a'), Jsw = 

(5.4) 

3tc' — 3tc 

1>B, 

for w G 0(7), w' G 0(70. 

Then 





a ^ A 
b-B' 


Proof. By an approximation argument, we can assume that dQ is a piecewise 
analytic curve. We let I denote a union of vertical crosscuts of Q, with real 
part X and height h{x) that separate a from a', which can be chosen, by fIS.ip . 
so that h is defined and measurable on an interval J of length d > a (see [HI p. 
93]). Then let p = x/ be the characteristic function of I. 

If T is the collection of arcs in Q that join a to a', then 


L{T,p) = inf L(7 ,p) > a 

7Gr 

and 

A{Q,p) = JJ p^dxdy = J h{x)dx. 

Since h{x) < 6 for x G J, by fl5.2p . we deduce that 
(5.5) AQ(r) > 


L(r, pY ^ a ^ a 
A{Q, p) ~ db b ~ b 


Now let T' denote the collection of arcs in Q that join (3 to (3'. Then (see [U 
page 53]), 

(5.6) AQ(r') = l/AQ(r). 


Now 0(r') is the collection of arcs in (j){Q) that join 0(/3) to <(>{(3'), and 

(5.7) AQ(r') = A<^(Q)(0(r')), 

since 0 is a conformal map. By using a similar argument to the above, involving 
horizontal crosscuts of 0(Q), we deduce from fl5.3l) and fl5.4p that 

(5.8) A^(g,(^(r')) > 

Combining (I5.5p . (15.6p . (15.7p and (15.8p gives a/b < A/B as required. □ 
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The proofs of Theorems 12.11 and 12.21 also use the result that, for the functions / 
being considered, log / is conformal in the upper half-plane. Actually this result 
holds more generally for all functions in the so-called Laguerre-Polya class, which 
consists of all entire functions that can be approximated uniformly on compact 
subsets of the plane by real polynomials with all zeros real. This class includes 
all real functions of order less than 2 with only real zeros; see [231 page 266]. The 
conformality of log/ follows from a well-known monotonicity property of such 
functions (see, for example, [3 Lemma 2.2 and Proposition 4.1]) together with 
the Noshiro-Warschawski theorem (see [51 page 46]) but we include the proof for 
completeness. 

Lemma 5.4. Let f be a transcendental entire function in the Laguerre-Polya 
class. Then 

(a) for a: G M, |/(x -|- iy)\ is strictly increasing with respect to y, for y > 0, 

(b) any analytic branch of log / is conformal in the upper half-plane. 


Proof. It was proved by Polya im that every function in the Laguerre-Polya 
class is of the form 

f(z) = TT 

jeN ^ ' 


where c G M \ {0}, a G M, 6 < 0, G M \ {0} for j G M, and Pj G {0,1,...} for 

J >0. 


Let g be an analytic branch of log / in the upper half-plane El = {z : > 0}, 

which exists since / has no zeros in H. For z G H, 


(5.9) ^{g'{z)) = A 


f{z) 


A (— a 2bz -|- 

\ ^ JGN 


Pj 


Qj Z 



Hence, for each y > 0, 

-h iy)) = arg/(x -1- iy) is strictly decreasing with x, for a; G M, 
so, by the Cauchy-Riemann equations, for each x G M, 

^{g{x -\- iy)) = log |/(x -1- iy) \ is strictly increasing with y, for y > 0 . 

This proves part (a). 

We now deduce that g is one-one in El. For distinct zi and Z 2 in H, let 'j(t) = 
(1 — t)zi tz 2 , t G [0,1]. Then 

rz2 ri 

9 (^ 2 ) - g{zi) = / g'{z)dz= g'{'y{t)){z 2 -zi)dt 

Jzi Jo 

= iz 2 -zi)(^j^ 'iR:{g\'y{t)) dt + i ^{g\'y{t)) dt^ . 

By fl5.9|) . we deduce that g{z 2 ) 7^ g{zi), as required for part (b). □ 


We now give the proof of Theorem 12.11 
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Proof of Theorem \2.1[ We show first that 

(5.10) logM(s^+“/2) > 21ogM(s). 


In order to show this, we hrst note that it follows from (12.41) and (12. Ih that 

logM(s^+“'^'^) > (1 + a/4) log M(s). 

Hence, by Lemma [4.11 with ri = r 2 = and = M{s), 

(5.11) 

logM(s^+“/^) > log + log M(s) > (^^s“/® + l) logM(s). 

It follows from fl2.4p that 



and this together with fl5.1ip implies fl5.10p . 

Let Gi denote the component of {z : \f{z)\ < M(s^+“/^)} such that 7 C Gi. 
Since 7 joins G{s) to C(s^+“), the component Gi contains {z : \z\ < 

Hence Gi is symmetric with respect to the real axis, and dGi meets and 

(7(gi+a)_ p ^j'gi+a/2^ gi+a^ pg subcoutinuum of 7 that meets C(s^+“/^) 
and C(s^’''“); such a subcontinuum exists by [121 Lemma 3.3], for example. 

Let 

Q = H(s^+“/^ s^+“) n{z:^z>0} and /3 = n H, 

and denote by A the collection of all rectihable arcs in f2 that join L to /3, 
and by Aq the collection of all rectihable arcs in fl that join the real interval 
[_gi+a, _gi+a/2j |■gl+a/2^ gi+aj_ Py Symmetry property of Gi, every 

arc in Aq has a subarc in A and hence, by Lemma [5.21 


(5.12) 


Ao(A) < Ar2(Ao) 


2ti 

a log s 


Let F be an analytic branch of log / on the upper half-plane. Since / is a 
real transcendental entire function of order less than 2 with only real zeros, and 
hence in the Laguerre-Polya class, we deduce by Lemma 15.41 part (b) that the 
branch F is conformal on the upper half-plane. Note that F extends continuously 
to r U/3 (this may include some points on M, but f{z) 7^ 0 at such points). Thus 
every element in F{A) is an arc in F{Q) that joins FfT) to F{/3). Moreover, by 
Lemma 15.11 


An(A) — Ai?(n)(T’(A)). 


We next hnd a lower bound for this extremal length. 


Take zo,Zq G T such that 


(5.13) 


9o:=inf3(F(2)) = S>(F(;„)), OJ 

zer 


sup^{F{z)) = ^{F{zq)) 

zer 


and write 0 = 9^ — 9q = Aarg(/(r); zq, Zq). Let R be the rectangle 
R=\n + w.\u\< log - log + log 
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and let p = xr be the characteristic function of R. Now 


A{F{n),p) = 


p^ dxdy 


iF{n) 
< Area(i?) 


= 21 ogM(s^+“/ 2 ) + 2 log 


M{s) 


Since fd C dGi we have that F{(d) G {u + iv : u = logM(s^+“/^)}. From fl2.5p 
and fl5.13l) we obtain 

F(r) C {u + iv : \u\ < logM(s), 6*o < n < 6*g}. 


We deduce that 


HF{A),p) = inf / XR\dz\ > log 

<7eF(A) 


JVf(sl+a/2) 

M{s) 


because every arc in F{A) joins -F(r) to F{(3) and hence must have a subarc 
in R of length at least log(M(s^+“/^)/M(s)). 

Therefore 

A M(s1+“/2)W 

> FhAtd! > W— ) 


A{F{Q,),p) 2 logM{s^^°‘R) (9 + 2 \og^AilAAA 


M{s) 


Together with fl5.12p and the conformal invariance Aq(A) = Ai?(n)(F(A)), this 
yields 

a logs (log 


9 > 


2 log 


JVf(sl+a/2) 

M(s) ' 


dvr log M(s^+“A) 

Using (I5.inj) and (12.dp now gives 

alogs (I logM(s^'''“/^))^ 

" ^ 4. togM(.U) ’ - 21ogM(.‘«/^) + 21ogM(.) 

Ail _ 2^ logAf(s"+“''^) + 21ogAf(s) 

1677 / 


> 


a log s 
Stt 


a log s a log s 


d ] log M(s) + 2 log M(s) 


IOtt 


+ 


dOvr 


2 ] logM( 


s) > 




IOtt 


log M(s) logs“, 


as required. 


□ 


6. Proof of Theorem 12.31 

The remaining sections of this paper give results that are only needed to deal 
with real functions with real zeros that have order in the interval [1/2,1). 

Let / be a transcendental entire function of order less than 1 with /(O) = 1. 
In the proof of Theorem 12.31 we use some standard results about the following 
quantities: 

N(r) = l'!Adt and Q(r) = r f ^ dt, 
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where n{r) is the number of zeros of / in {^ : \z\ < r}, counted according to 
multiplicity. 

We note that it follows from Jensen’s theorem (see, for example, [2^ p.l25] for 
a proof) that, for r > 0, 

(6.1) logM(r) > N{r). 

Therefore, for r > 0, 

T) (T I 

(6.2) log M(r) > / - - dt = 28n{r/ 

Jr/e^^ f 

and 

Tl(t^ 

(6.3) n(r) log 3 < / - - dt < N{3r) < log M{3r). 

Jr t 

We also use the following results proved in [T8| Lemma 3.3 and Lemma 3.5]. 
Note that similar results were proved by Cartwright [61 page 83] for functions of 
order zero. 

Lemma 6.1. Let f be a transcendental entire function of order less than 1 with 
/(O) = 1. Then, for r > 0, 

logM(r) < N{r) + Q{r). 

Lemma 6.2. Let f be a transcendental entire function of order less than 1 with 
/(O) = 1, and let 0 < 7 ] < 1/4. Then, for R > 0, 

logm(r) > N{R) - (1 + log{2e/ri))Q{R), 

for 0 < r < R/2 except in a set of intervals, the sum of whose lengths is at most 
2 t]R. 


In [T8l Lemma 3.5] we stated Lemma ^?2\ with the condition that R is sufficiently 
large but inspection of the proof shows that the result in fact holds for all R> D. 
Taking 77 = 1/16, we obtain the following corollary of Lemma 16.21 

Corollary 6.3. Let f be a transcendental entire function of order less than 1 
with /(O) = 1. Then, for R> 0, 

logm(r) > N{R) — 6Q{R) 

for 0 < r < R/2 except in a set of intervals, the sum of whose lengths is at most 
R/8. 


We are now in a position to prove Theorem 12.31 


Proof of Theorem \2.‘J[ Let / be a transcendental entire function with /(O) 
and suppose that, for some R> there exists 0 < a < 1 such that 

(6.4) log M(r) < r", for r > 

Recall that Theorem 12.31 states that, if 


(6.5) 

then 


logm(r) < - logM(r), for r G (R/4, R/2), 
^(/2i/(i-«)) _ n{R/e^^) > 


1 


28 


1 — 0 
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In order to prove this, we begin by noting that it follows from (16.dh . (I6.5p and 
Corollary 16.31 that 

^\ogM{R)>NiR)-6 QiR) 

and so 

log M{R) > 2N{R) - 12Q{R). 

Together with Lemma 16.11 applied with r = R, this implies that 


( 6 . 6 ) 


Q{R)>-logM{R). 


We now note that it follows from fl6.3p together with fl6.4p that 


Q(R) = R 




'R 




< + 3“i? 


1 , 

■ dt 


Ri/o-oc) R 

-1 

(1 — a)R~^ 


_Rl/(l-a) 


1 — a 


Together with fl6.6p and fl6.2p . this implies that 

i — Oi Zo Zo 


> T^^ogM (R) + n{R/e^^) 

Zo 


and so 


as claimed. 


_ n(Rle^) > _ _ 


a 


□ 


7. Proof of Theorem 12.21 

We begin by proving the following result. Recall that Rq denotes the constant 
in (CT). 

Lemma 7.1. Let f be a real transcendental entire function of order p < 1 with 
only real zeros. There exist Ki = Ki{p) > 1 and Ri = Ri{f) > Ro such that, if 

(7.1) L > Ki, > Ri, 

and 7 is any continuum in {z : Q’z > 0} that meets both and C{s) with 

(7.2) \f{z)\ < M(s^/^), for ze-f, 
and 

(7.3) \f{z')\ < for some z' e 7 n {z : < |z| < s}, 

then either 
(a) we have 

• 7 meets {z : ?R.z = and {z : ?R.z = 
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• there exists s” E with m(s") > 

• the number of zeros of f in I = is at least 

or 

(b) we have 

• 7 meets {z : iR.z = and {z : ifiz = — 

• there exists s” E —IRz') with m(s") > 

• the number of zeros of f in I = [—is at least\ogM[s^/^^^^). 
Proof. We first put 

(7.4) 77i = 77i(p) = max{exp(200), 1/(1 — where a =-(p + 1), 

and assume throughout the proof that L > Ki. 

We shall choose Ri = Ri{f) > Rq so that the various conditions required during 
the proof hold whenever > i?i(/). 

It follows from Lemma [4.31 with <5 = 1, A = 1/16 and r = that, if Ri is 

chosen to ensure that, whenever > i?i, 

(7.5) > 1 and /IQ > 

then there exists 

(7.6) 

s" e (s^/^'^Vl6,s^/^'^®) C such that m(s") > 

It then follows from Lemma 15.41 that we have 

Thus the point z' E^ described in fl7.3p lies outside {z : |3f?^| < s"}. We assume 
that iR.z' > s”. (With this assumption we end up with case (a) of the lemma, 
as the hrst two bullet points of case (a) are now satished - otherwise, similar 
arguments would lead to case (b).) 

Since 7 meets both C{s^^^) and {z : ^z > s"}, and s" > , it follows from 

Lemma EH and fl7.2p that 

(7.7) |/(a;)| < M(s^/^), for < a: < 

Since / is real with only real zeros and has order less than 1, we can write 

}(z) = n(l + Vaj)”. 

jGN 

where c G M \ {0}, po ^ {0,1,...}, aj G M \ {0} and Pj E {1, 2 ...}, for j > 1, 
with 0 < |ai| < \a 2 \ < .... We now take > |ai| and put 

We write f{z') = g{z)h{z), where 

h{z) = cz^°{1 + z/aiY^ '^^{1 + z/ajYP 

aj&I 










BAKER’S CONJECTURE 


21 


Our aim is to apply Theorem 12.31 to g in order to show that / has many zeros 
in I. To do this, we must check that the conditions of Theorem 12.31 hold. Clearly 
5f(0) = 1. We hrst require to be so large that 

(7.8) > Ro = Roif) and 4 < M(r, h) < 2|h(r)|, for r e I. 

It follows from fl7.7l) . (17.81) and (12.ip that, for r G /, we have 


l/(^)l 

< 

M{sRYf) / M{sRR^\fYR 

\h{r)\ 


|/,(5l/L3/4)| ^ |p(sl/T3/^)| 


< 

M{sRR^\ gyRM{sRR^\hyR 



\h{sR^^^Y\ 


< 

2M{sRR^\gyRM{sRR^\ hfR 





< 



Thus 

(7.9) \og m{r,g) < - log M{r,g), for r e /, 

so the second hypothesis of Theorem 12.31 is satished whenever (7?/4, R/2) C I. 

We next recall that / has order p < 1 and a = i(p + 1), so there exists ri = 
ri(/) > 1 such that 

(7.10) logM(r, /) < r“ and |c^^°(l + z/aiY^\ > 1, for \z\ = r > ri. 

We dehne i? > 0 by and note that 

(7.11) R = for s > 0, 

by (I7.4p . and also impose the following further conditions on s^R\ 

(7.12) > n and R/e^^ = 

We note that, if G / and \z\ > 3R^R^~R = , then |1 + z/aj\ > 2. So it 

follows from (I7.10p and (I7.12p that 

\h{z)\ > 1, for 1^1 > 3RRR-R. 

Thus, for r > 3R^R^~°'\ it follows from (17.101) and (17.121) that 

log M(r,p) < log M(r,/) < r“. 

Together with (17.91) and (17.121) . this implies that the hypotheses of Theorem 12.31 
are satished for g with R = and so 

28 1 — Oi 

where n(r) denotes the number of zeros of g m. {z : \z\ < r}, counted according 
to multiplicity. Clearly zeros of g are also zeros of / and it follows from the 
dehnition of R and (17.121) that zeros of g of modulus between R/e^^ and 
must lie in / = 

To complete the proof of Lemma 17.11 it remains to show that 

28 1 - a “ ' ’ 


(7.13) 
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To do this, we first prove that if r2 = r 2 {f) = \a 2 \e, then \og , g) > 1, 

provided that > r 2 - Indeed, in this case, we have > |a2|, so 02 ^ / 

and 


M{r,g) > 

> 


\g{ir)\ 

|l + ir/a2|^^ |l + fr/aj|^^' 

j>3,aj^I 

|1 + ir/a2\^^ > r/|a2|. 


and hence 

(7.14) logM(s^/■^"^^^) > log > 1, 


as required. 

We now note that it follows from fl7.12p . fl7.9l) and Lemma (with 5 = 1/2, 
r = and together with fl7.1ip . fl7.14l) . fl7.8|) and fl7.4l) . that 


logM(i?,^) 


= log , g) > log , g) 

( 1 /r3/4\ ('°g'^^^'‘/321og2) i/r3/4 , 

> (s'/'- ) logM(s'/'-’' ,g) 

^ ^logL/(100L3/4) 


Finally we note that it follows from fl7.10l) and fl7.12l) that 

logM(s^/^'^",/) < 

and so fl7.13l) holds provided that is so large that we also have 

^ 2/L3/4 _ 3 ^ i/^3/4 

28 1 - a “ 

Finally we use Lemma [7.11 to prove Theorem 12.21 


□ 


Proof of Theorem A2.2[ Recall that Theorem 12.21 states that if the function /, the 
continuum 7 and the point z' satisfy the conditions of Lemma 17.11 with 

(7.15) L>Ki = Ki{p)>l and > Ri = Ri{f) > Rq, 

then there exist a continuum F C 7 fl ^ s) and zq, 2^0 ^ F such that 

(7.16) Aarg(/(F);zo,^o) > logM(s^/-^). 

Without loss of generality we can assume that the continuum 7 lies entirely in 
{ 2 ; : 0 ^ 2 ; > 0}. 

We assume that case (a) of Lemma ITTI holds and let s" denote the point described 
there; the proof if case (b) holds is similar. We also take the constants Ki = 
-Ri(p) and Ri = Ri(f) to satisfy the conditions in Lemma fFTl and also one 
further condition below. 

In order to prove the existence of a continuum F satisfying fl7.16p . we consider 
the pre-images under / of the positive real axis that he in the upper half-plane 
and originate at the zeros of / in the interval I dehned in Lemma [7.11 case (a). 
By Lemma 17.11 there are at least logM(s^/^^^^) such zeros, and hence at least 
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I log corresponding pre-images of the positive real axis. We will show 

that at least j logM(s^/^^^^) of these pre-images must meet 7 fl , s). 

Consider a simply connected domain [// that is bounded by appropriate parts 
of 7, the positive real axis, the line Ci = {z : Siz = 3fJz'} and the circle C(s^'^^). 
We note that / C dU/. Also, the pre-images dehned above are unbounded and 
so each has a hrst point in {z : Az > 0} at which it crosses the boundary of l/j. 
It is sufficient to show that at least | log of these points belong to 7. 

We begin by noting that these first crossing points cannot lie in Ci since each of 
the pre-images would have to cross {z : \z\ = s"} before crossing C\ and this is 
impossible because, by Lemma 17.11 


m(s") > 


1 


whereas, by fl7.3p and Lemma 15^ part (a). 


l/WI < 


1 


for z G Cif] Uj. 


We now suppose that at least ^ log of the first crossing points lie in 

and use Theorem 15.31 to show that this leads to a contradiction. We first 
note that, provided we choose Ri sufficiently large to ensure that 


(7.17) 


^l/LV^-l/L > 2 ( 16 ) 2 , 


we can apply Lemma [4.31 twice, first with 5 = 1, A = 1/16 and r = and 

then with 5 = 1, A = 1/16 and r = s^/'^^^*/32, to deduce that there exist Si,S2 
with 


(7.18) > S2 > 2si > 2s^/^ such that m(sj) > 


M(sVi^/®)’ 


for i = 1, 2. 


Thus, if more than | log of the first crossing points defined above he 

in C(s^/^), then there exists a quadrilateral Q C Uj, bounded by curves a,a', 
which are arcs of the circles C(si) and C(s2), and by curves (3,(3' contained in 
two of the pre-images defined above, such that, for a suitable branch F of log/, 
we have that F is conformal in Q, that 

(7.19) 3s{F{z)) = 0, for z ^ (3, 


(7.20) A(F(z)) > for 2; e (3', 

and, by fl7.18p and fl7.2p together with Lemma 15^ part (a), that 

(7.21) — logM(s^'^'^’''^*) < 3fJ(F(^)) < logM(s^'^^), for 2 ; e a U a'. 

We now consider the quadrilateral logQ, where log is the principal branch of 
the logarithm, which has sides logo, log/?, logo' and log/?'. This quadrilateral 
satisfies the hypotheses of Theorem 15.31 with 0(z) = F{e^) = log/(e^) and with 

a = log2, b = n, A = B = 

by fl7.18p . 07.191) . O7.20p and 07.2ip . It follows from Theorem 15.31 that 

log 2 2 logM(s^/'^^^*) 41og M(s^/^^^*) 4 

TT “ i7rlogM(s^/'^®^‘‘) TT log M(s^/'^^^'‘) ~ 
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by (EH), since > Rq by fTTmU . However, > 4/log2, by (EID, so this 

is a contradiction. 

To conclude, if Ki and Ri are chosen so as to satisfy Lemma 17.11 and also so 
that (17.171) holds, then at most 4 log pre-images of the positive real 

axis dehned above leave Uj by crossing and none leave by crossing Ci, so 

at least | logM(s^/^^^"^) must leave by crossing 7. Thus there exist a continuum 
T C 7 n s) and zo, Zq & T such that 

Aarg(/(r);^o,^o) > ^vr log> log. 

This completes the proof of Theorem 12.21 □ 
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